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CHAPTER 1

oo-Cosmoi

1.1. Overview

Following [RV22], from which this document was excerpted, we aim to develop the basic
theory of co-categories in a model independent fashion using a common axiomatic framework that
is satisfied by a variety of models. In contrast with prior “analytic” treatments of the theory of co-
categories — in which the central categorical notions are defined in reference to the coordinates of a
particular model — our approach is “synthetic,” proceeding from definitions that can be interpreted
simultaneously in many models to which our proofs then apply.

To achieve this, our strategy is not to axiomatize what infinite-dimensional categories are,
but rather to axiomatize the categorical “universe” in which they live. This motivates the notion
of an oo-cosmos, which axiomatizes the universe in which co-categories live as objects.! So that
theorem statement about co-cosmoi suggest their natural interpretation, we recast co-category as a
technical term, to mean an object in some (typically fixed) oo-cosmos. Several common models of
(00, 1)-categories® are oo-categories in this sense, but our co-categories also include certain models
of (00,n)-categories® as well as fibered versions of all of the above. Thus each of these objects are
oo-categories in our sense and our theorems apply to all of them.* This usage of the term “co-
categories” is meant to interpolate between the classical one, which refers to any variety of weak
infinite-dimensional categories, and the common one, which is often taken to mean quasi-categories
or complete Segal spaces.

Much of the development of the theory of co-categories takes place not in the full co-cosmos
but in a quotient that we call the homotopy 2-category, the name chosen because an oco-cosmos
is something like a category of fibrant objects in an enriched model category and the homotopy
2-category is then a categorification of its homotopy category. The homotopy 2-category is a strict
2-category — like the 2-category of categories, functors, and natural transformations® — and in this
way the foundational proofs in the theory of co-categories closely resemble the classical foundations
of ordinary category theory except that the universal properties they characterize, e.g., when a

IMetaphorical allusions aside, our co-cosmoi resemble the fibrational cosmoi of Street [Str74].

2Quasi—categ0ries, complete Segal spaces, Segal categories, and 1l-complicial sets (naturally marked quasi-
categories) all define the co-categories in an co-cosmos.

3n—quasi—categories, ©,,-spaces, iterated complete Segal spaces, and n-complicial sets also define the oco-
categories in an co-cosmos, as do saturated (née weak) complicial sets, a model for (oo, co)-categories.

4There is a sense, however, in which many of our definitions are optimized for those co-cosmoi whose objects
are (oo, 1)-categories. A good illustration is provided by the notion of discrete co-category. In the oco-cosmoi of
(00, 1)-categories, the discrete co-categories are the co-groupoids, but this is not true for the co-cosmoi of (0o, n)-
categories.

5In fact this is another special case: there is an co-cosmos whose objects are ordinary categories and its homotopy
2-category is the usual category of categories, functors, and natural transformations. This 2-category is as old as
category theory itself, introduced in Eilenberg and Mac Lane’s foundational paper [EML45].

5



6 1. co-COSMOI

functor between oco-categories defines a cartesian fibration, are slightly weaker than in the familiar
case of strict 1-categories.

There are many alternate choices we could have made in selecting the axioms of an co-cosmos.
One of our guiding principles, admittedly somewhat contrary to the setting of homotopical higher
category theory, was to allow us to work as strictly as possible, with the aim of shortening and sim-
plifying proofs. As a consequence of these choices, the co-categories in an co-cosmos and the functors
and natural transformations between them assemble into a 2-category rather than a bicategory. To
help us achieve this counterintuitive strictness, each co-cosmos comes with a specified class of maps
between oo-categories called isofibrations. The isofibrations have no homotopy-theoretic meaning,
as any functor between co-categories is equivalent to an isofibration with the same codomain. How-
ever, isofibrations permit us to consider strictly commutative diagrams between oo-categories and
allow us to require that the limits of such diagrams satisfy a universal property up to simplicially
enriched isomorphism. Neither feature is essential for the development of co-category theory. Sim-
ilar proofs carry through to a weaker setting, at the cost of more time spent considering coherence
of higher cells.

An oo-cosmos is a particular sort of simplicially enriched category with certain simplicially
enriched limits. In §1.2, we first review some prerequisites from the theory of simplicial sets, most of
which are either currently in Mathlib or on their way. In §1.3, we give a simplified description of the
homotopy category of a quasi-category and introduce the classes of isofibrations and equivalences.

While the notion of simplicially enriched category currently exists in Mathlib, simplicially
enriched limits do not, so in §1.4 we first introduce the prerequisite notions of simplicially enriched
limits that will be required to state the definition of an co-cosmos in §1.5. The homotopy 2-category
of an co-cosmos is then obtained by applying the general theory of change-of-base from enriched
category, which is also currently missing from Mathlib. This theory is described in §1.6 and then
used to define the homotopy 2-category in §1.8.

Additional chapters will be added to this blueprint in the future, containing excerpts of the
material that can be found in [RV22, Chapters 2-5]. The broader aim of this project is to formalize
the core basic theory of co-categories, covering those aspects that can be defined in the homotopy
2-category of an co-cosmos.

The authors of this blueprint are particularly indebted to:

e Mario Carneiro, who contributed greatly to the original Lean formalization of co-cosmoi
and prerequisite results about the homotopy category functor;

e Johan Commelin, who suggested restructuring this as a blueprint project; and

e Pietro Monticone, who created a template for blueprint-driven formalization projects in
Lean, from which this repository was forked.

Special thanks are also due to the Hausdorff Research Institute for Mathematics and the organizers
of the Trimester Program “Prospects of Formal Mathematics,” where the genesis of this project
took place.

1.2. Simplicial sets

Before introducing an axiomatic framework that allows us to develop oco-category theory in
general, we first consider one model in particular: quasi-categories, which were introduced in 1973 by
Boardman and Vogt [BV73] in their study of homotopy coherent diagrams. Ordinary 1-categories
give examples of quasi-categories via the construction of Definition 1.2.15. Joyal first undertook
the task of extending 1-category theory to quasi-category theory in [Joy02] and [JoyO08] and in
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several unpublished draft book manuscripts. The majority of the results in this section are due to
him.

DEFINITION 1.2.1 (the simplex category). Let A denote the simplex category of finite
nonempty ordinals [n] = {0 < 1 < -+ < n} and order-preserving maps.

The maps in the simplex category include in particular:
DEFINITION 1.2.2 (elementary face maps). The elementary face operators are the maps
m—1%n 0<i<n
whose images omit the element i € [n].

DEFINITION 1.2.3 (elementary degeneracy maps). The elementary degeneracy operators
are the maps

m+1 < n 0<i<n
whose images double up on the element i € [n].

The following decomposition result is yet to be proven, though there are related results on the
image factorization in the simplex category:

PROPOSITION 1.2.4.  Every morphism in A factors uniquely as an epimorphism followed by
a monomorphism; these epimorphisms, the degeneracy operators, decompose as composites of
elementary degeneracy operators, while the monomorphisms, the face operators, decompose as
composites of elementary face operators.

ProOOF. The image factorizations have been formalized but the canonical decompositions into
elementary face and degeneracy operators remain to be done. O

DEFINITION 1.2.5 (simplicial set). A simplicial set is a presheaf on the simplex category.

DEFINITION 1.2.6 (the category of simplicial sets). The category of simplicial sets is the
AcP .
category sSet := Set of presheaves on the simplex category.

Standard examples of simplicial sets include:

DEFINITION 1.2.7 (standard simplex). We write A[n] for the standard n-simplex the
simplicial set represented by [n] € A.

DEFINITION 1.2.8 (simplex boundary). We write A[n] C Aln| for the boundary sphere of
the n-simplex. The sphere OA[n] is the simplicial subset generated by the codimension-one faces
of the n-simplex.

DEFINITION 1.2.9 (simplicial horn). We write A¥[n] C A[n] for the k-horn in the n-simplex.
The horn A¥[n] is the further simplicial subset of A[n] that omits the face opposite the vertex k,
but it is defined as a subset of Aln].

Given a simplicial set X, it is conventional to write X, for the set of n-simplices, defined
by evaluating at [n] € A. This is implemented as a scoped notation “_[n]” accessible with “open
Simplicial” or “open scoped Simplicial.”

By the Yoneda lemma:
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\[ //’ for n 2,0 <k <n.

LEMMA 1.2.10. Each n-simplex x € X,, corresponds to a map of simplicial sets x: Aln] — X.
Accordingly, we write x - §* for the ith face of the n-simplex, an (n — 1)-simplex classified by the
composite map

An—1] =25 Aln] —2 X.

PROOF. This is a special case of the Yoneda lemma. O
5 ,
The right action of the face operator defines a map X,, — X,,_;. Geometrically, = - §* is the
“face opposite the vertex ¢” in the n-simplex z.
The category of simplicial sets, as a presheaf category, is very well-behaved:

COROLLARY 1.2.11.  The category of simplicial sets is complete.
PROOF. Presheaf categories are complete. O

COROLLARY 1.2.12.  The category of simplicial sets is cocomplete.

PROOF. Presheaf categories are cocomplete. (|

Instances of these facts currently appear in Mathlib, which likely also knows that the category
of simplicial sets is cartesian closed.
The definition of a quasi-category can be found in Mathlib as well.

DEFINITION 1.2.13 (quasi-category). A quasi-category is a simplicial set A in which any
inner horn can be extended to a simplex, solving the displayed lifting problem:

Quasi-categories were first introduced by Boardman and Vogt [BV73] under the name “weak
Kan complexes,” as they generalize the following notion:

DEFINITION 1.2.14 (Kan complex). A Kan complex is a simplicial set admitting extensions
as in (1.2.13) along all horn inclusions n > 1,0 < k < n.

Since any topological space can be encoded as a Kan complex,® in this way spaces provide
examples of quasi-categories.
Categories also provide examples of quasi-categories via the nerve construction.

DEFINITION 1.2.15 (nerve). The category Cat of 1-categories embeds fully faithfully into the
category of simplicial sets via the nerve functor. An n-simplex in the nerve of a 1-category C' is
a sequence of n composable arrows in C, or equally a functor n4+1 — C from the ordinal category
n+1 with objects 0, ...,n and a unique arrow ¢ — j just when ¢ < j.

6The total singular complex construction defines a functor from topological spaces to simplicial sets that is
an equivalence on their respective homotopy categories — weak homotopy types of spaces correspond to homotopy
equivalence classes of Kan complexes [Qui67, §I1.2]. The left adjoint “geometrically realizes” a simplicial set as a
topological space.
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DEFINITION 1.2.16 (nerve functor). The map [n] = n+1 defines a fully faithful embedding
A < Cat. From this point of view, the nerve functor can be described as a “restricted Yoneda
embedding” which carries a category C' to the restriction of the representable functor hom(—, C')
to the image of this inclusion.

This is an instance of a more general family of “nerve-type constructions.”

PROPOSITION 1.2.17.  The nerve of a category C is 2-coskeletal as a simplicial set, meaning
that every sphere OA[n] — C with n > 3 is filled uniquely by an n-simplez in C, or equivalently
that the nerve is canonically isomorphic to the right Kan extension of its restriction to 2-truncated
simplicial sets.”

ProoOF. Note a sphere OA[2] — C' extends to a 2-simplex if and only if that arrow along its
diagonal edge is the composite of the arrows along the edges in the inner horn A'[2] C dA[2] — C.
The simplices in dimension 3 and above witness the associativity of the composition of the path
of composable arrows found along their spine, the 1-skeletal simplicial subset formed by the edges
connecting adjacent vertices. In fact, as suggested by the proof of Proposition 1.2.18, any simplicial
set in which inner horns admit unique fillers is isomorphic to the nerve of a 1-category. This
characterization of nerves is not yet in Mathlib, however, we have proven the one-way result,
namely that nerves of categories satisfy the “strict Segal condition” and this is used in the proof of
2-coskeletality. O

In the book that is the primary source this text [RV22], as in much of the oo-categories
literature, we decline to introduce explicit notation for the nerve functor, preferring instead to
identify 1-categories with their nerves. As we shall discover the theory of 1-categories extends to
oo-categories modeled as quasi-categories in such a way that the restriction of each co-categorical
concept along the nerve embedding recovers the corresponding 1-categorical concept. For instance,
the standard simplex A[n] is isomorphic to the nerve of the ordinal category n+1, and we frequently
adopt the latter notation — writing 1 := A[0], 2 := A[1], 3 := A[2], and so on — to suggest the
correct categorical intuition. However, Mathlib notates nerves explicitly, so at some point this
document should be adapted to follow that convention.

To begin down this path, we must first verify the implicit assertion that has just been made.

PROPOSITION 1.2.18 (nerves are quasi-categories). Nerves of calegories are quasi-categories.

PROOF. Via the isomorphism C' = cosk,C' from Proposition 1.2.17 and the associated adjunc-
tion sk, 1 cosk, of, the required lifting problem displayed below-left transposes to the one displayed
below-right:

AF[n] —— C = cosk,C skoA¥[n] — C
o -
L R e
Aln] skyAln]

The functor sk, replaces a simplicial set by its 2-skeleton, the simplicial subset generated by the
simplices of dimension at most two. For n > 4, the inclusion skyA*[n] < sk,A[n] is an isomorphism,
in which case the lifting problems on the right admit (unique) solutions. So it remains only to solve
the lifting problems on the left in the cases n = 2 and n = 3.

"The equivalence between these two perspectives is non-obvious and makes use of Reedy category theory (see
[RV22, §C.4-5]), which does not currently exist in Mathlib.
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To that end consider

An inner horn A![2] — C defines a composable pair of arrows in C; an extension to a 2-simplex
exists precisely because any composable pair of arrows admits a (unique) composite.

An inner horn A'[3] — C specifies the data of three composable arrows in C, as displayed in
the following diagram, together with the composites gf, hg, and (hg)f.

1

N
(hg) f

Co — |7/ C3

NAA

Co

Because composition is associative, the arrow (hg) f is also the composite of gf followed by h, which
proves that the 2-simplex opposite the vertex c; is present in C'; by 2-coskeletality, the 3-simplex
filling this boundary sphere is also present in C. The filler for a horn A2?[3] — C is constructed
similarly. O

This is not the proof that was formalized but we include it for fun:
We now turn to the homotopy category functor. The following definitions and results are not
currently in Mathlib.

DEFINITION 1.2.19 (homotopy relation on 1-simplices). A parallel pair of 1-simplices f,g in
a simplicial set X are homotopic if there exists a 2-simplex whose boundary takes either of the
following forms®

Y x
f f
N 7 N\
T —F—y T ——F—Y
or if f and g are in the same equivalence class generated by this relation.

In a quasi-category, the relation witnessed by either of the types of 2-simplex on display in
Definition 1.3.3 is an equivalence relation and these equivalence relations coincide.

LEMMA 1.2.20 (homotopic 1-simplices in a quasi-category). Parallel 1-simplices f and g in a
quasi-category are homotopic if and only if there exists a 2-simplex of any or equivalently all of the
forms displayed in Definition 1.3.35.

PROOF. A lengthy exercise in low-dimensional horn filling. |

DEFINITION 1.2.21. By 1-truncating, any simplicial set X has an underlying reflexive quiver
or reflexive directed graph with the O-simplices of X defining the objects and the 1-simplices
defining the arrows:

8The symbol “=" is used in diagrams to denote a degenerate simplex or an identity arrow.
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ot
Xl < .00 — XO7
—
.50
By convention, the source of an arrow f € X is its Oth face f - &' (the face opposite 1) while the
target is its Ist face f - §° (the face opposite 0).

PROPOSITION 1.2.22. The functor that carries a category to its underlying reflexive quiver has
a left adjoint, defining the free category on a reflexive quiver:

F
Cat @ rQuiv
U

PROOF. This has been formalized and is now in Mathlib. O

DEFINITION 1.2.23 (the homotopy category [GZ67, §2.4]). The free category on this reflex-
ive directed graph has X, as its object set, degenerate 1-simplices serving as identity morphisms,
and nonidentity morphisms defined to be finite directed paths of nondegenerate 1-simplices. The
homotopy category hX of X is the quotient of the free category on its underlying reflexive di-
rected graph by the congruence® generated by imposing a composition relation h = go f witnessed
by 2-simplices

e

g
N
Tg —— > Ty

PROOF. This should be relatively straightforward. ([
By soundness of the quotient construction:

LEMMA 1.2.24. Homotopic 1-simplices in a simplicial set represent the same arrow in the
homotopy category.

PRrROPOSITION 1.2.25.  The homotopy category of the nerve of a 1-category is isomorphic to the
original category, as the 2-simplices in the nerve witness all of the composition relations satisfied
by the arrows in the underlying reflexive directed graph.

Proor. This has been formalized and is now in Mathlib. O

Indeed, the natural isomorphism hC = C forms the counit of an adjunction, embedding Cat as
a reflective subcategory of sSet.

PROPOSITION 1.2.26.  The nerve embedding admits a left adjoint, namely the functor which
sends a simplicial set to its homotopy category:

h
Cat @ sSet

PROOF. For any simplicial set X, there is a natural map from X to the nerve of its homotopy
category h.X; since nerves are 2-coskeletal, it suffices to define the map sk, X — hX, and this is given
immediately by the construction of Definition 1.2.23. Note that the quotient map X — hX becomes

9A binary relation ~ on parallel arrows of a 1-category is a congruence if it is an equivalence relation that is
closed under pre- and post-composition: if f ~ g then hfk ~ hgk.
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an isomorphism upon applying the homotopy category functor and is already an isomorphism
whenever X is the nerve of a category. Thus the adjointness follows by direct verification of the
triangle equalities. ]

The adjunction of Proposition 1.2.26 exists for formal reasons, via results which have already
been formalized in Mathlib, once the category Cat is known to be cocomplete. A proof of this fact
did not exist in Mathlib, however, and in fact the adjunction between the homotopy category and
the nerve can be used to construct colimits of categories, as it embeds Cat as a reflective subcategory
of a cocomplete category (see [Riel6, 4.5.16]). Thus, we instead formalized a direct proof.

By inspection:

PRrROPOSITION 1.2.27.  The nerve functor is fully faithful.
Proor. This has been formalized and is now in Mathlib. O

As a corollary, it follows that Cat has colimits.

1.3. The homotopy category of a quasi-category, isofibrations, and equivalences

The homotopy category of a quasi-category admits a simplified description, which we build
up to over a series of definitions. As the homotopy category functor is formalized in terms of 2-
truncated simplicial sets, we introduce an auxiliary definition to isolate the structure of interest in
a 2-truncated quasi-category.

DEFINITION 1.3.1. A 2-truncated simplicial set A is a 2-truncated quasi-category if it admits
the following three operations:

e (2,1)-filling: any path f, of length 2 in A may be filled to a 2-simplex whose spine equals
the given path.

e (3,1)-filling: given any path f, of length 3 in A, 2-simplices o4 and oy, filling the restricted
paths fj;5 and f,45 respectively, and 2-simplex o, filling the path formed by f,; and the
diagonal of o), there is a 2-simplex o, filling the path formed by the diagonal of o4 and
fa3 and whose diagonal is the diagonal of o,.

e (3,2)-filling: given any path f, of length 3 in A, 2-simplices o4 and oy, filling the restricted
paths fj);5 and f},5 respectively, and 2-simplex o, filling the path formed by the diagonal
of o5 and fy3, there is a 2-simplex o, filling the path formed by f,; and the diagonal of
o, and whose diagonal is the diagonal of ;.

LEMMA 1.3.2.  The 2-truncation of a quasi-category is a 2-truncated quasi-category.
PrOOF. Immediate from the definition by filling horns in dimensions 2 and 3. (]
We revisit Definition 1.3.3 in this setting.

DEFINITION 1.3.3 (homotopy relation on 1-simplices). A parallel pair of 1-simplices f, g in a
simplicial set X are homotopic if there exists a 2-simplex whose boundary takes either of the
following forms!®

Y x
f !
N\ 7 N\
T ——F— Yy T ——F— Y
or if f and g are in the same equivalence class generated by this relation.

10The symbol “=" is used in diagrams to denote a degenerate simplex or an identity arrow.
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LEMMA 1.3.4. If A is a 2-truncated quasi-category then:

(i) The left and right homotopy relations are reflexive.
(ii) The left and right homotopy relations are symmetric.
(iii) The left and right homotopy relations are transitive.
(iv) The left homotopy relation coincides with the right homotopy relation.

PROOF. Each statement follows from a single 3-dimensional horn filling, typically involving
degenerate simplices. O

As the left and right homotopy relations coincide in a 2-truncated quasi-category, in that setting
we take right homotopy to be the default and refer to it simply as “homotopy” and denote it by
“~" going forward.

LEMMA 1.3.5.

(i) If o and T are 2-simplices in a 2-truncated quasi-category filling the same path, their
diagonal edges are homotopic.
(ii) If h is the diagonal edge of a 2-simplex filling the path formed by f and g and g is
homotopic to g’, then h is the diagonal edge of a 2-simplex filling the path formed by f
and g’
(iii) If h is the diagonal edge of a 2-simplex filling the path formed by f and g and f is
homotopic to f’, then h is the diagonal edge of a 2-simplez filling the path formed by f’
and g.

Proor. For (i), fill the (3,2)-horn filling the path formed by a degenerate edge, followed by
the given path edges, and using the given simplices as the Oth and 1st faces. The proofs of (ii) and
(iii) are similar. O

COROLLARY 1.3.6.  Suppose there is a 2-simplex in a 2-truncated quasi-category with spine
formed by the paths f and g and diagonal h. Then if f ~ f', g~ g’, and h ~ I’, there is a 2-simplex
with spine formed by f' and g’ and diagonal h'.

PrOOF. Apply the three conclusions of Lemma 1.3.5 one at a time to transform the given
2-simplex. O

These results now combine to justify the following definition:

DEFINITION 1.3.7 (the homotopy category of a 2-truncated quasi-category). If A is a 2-
truncated quasi-category then its homotopy category hA has

the set of 0-simplices A as its objects

the set of homotopy classes of 1-simplices A, as its arrows

the identity arrow at a € A, represented by the degenerate 1-simplex a - 0 € A

a composition relation h = go f in hA between the homotopy classes of arrows represented
by any given 1-simplices f, g, h € A; if and only if there exists a 2-simplex with boundary

[

g
N
ag ——— ay

In other words, the hom-types are quotients of the hom-types of the underlying reflexive quiver
of Definition 1.2.21 of a 2-truncated simplicial set, where the additional quotienting is by the
homotopy relation, which is an equivalence relation by Lemma 1.3.4. Composition is defined by
(2,1)-horn filling and is well-defined by Lemma 1.3.5.



14 1. co-COSMOI

LEMMA 1.3.8 (the homotopy category of a quasi-category). If A is a quasi-category then
its homotopy category hA is isomorphic to the homotopy category of its underlying 2-truncated
quasi-category, as just described.

PrOOF. Given a 2-truncated quasi-category A, we can construct a natural isomorphism be-
tween its 2-truncated homotopy category h, A in the sense of Definition 1.2.23 and its 2-truncated
homotopy category hA in the sense of Definition 1.3.7 by showing the latter satisfies the same
universal property of the former, as a quotient of the free category F'A on the underlying reflexive
quiver.

By adjunction, to define a functor q: F'A — hA, it suffices to define a refl prefunctor g: A — hA
from the one-truncation of A to the underlying refl quiver of hA. The objects of these quivers
coincide while the homs in the latter and quotients of the homs in the former, defining a canonical
quotient map. By construction, the corresponding functor ¢q: FFA — hA respects the hom-relation
that defines the homotopy category h, A, so the universal property of the latter quotient induces a
comparison functor h,A — hA which factors ¢ through the analogously defined functor ¢: FA —
hyA.

To see this is an isomorphism, we show that q: FFA — hA satisfies the same universal property.
To that end, consider another functor g: FA — C respecting the hom-relation. In particular, g
respects the homotopy relation of Definition 7?7, since this is a special case of the hom-relation.
Thus, on underlying refl prefunctors, g factors uniquely through ¢ along a map h: hA — C. By
Corollary 1.3.6, h respects composition and thus lifts to define a functor. This gives the required
factorization. Uniqueness follows because the the functor U: Cat — rQuiv is faithful. ]

Later we will require either of the following results:
LEMMA 1.3.9.  The functor h: sSet — Cat preserves finite products.

PROOF. Preservation of the terminal object is by direct calculation. By Proposition 1.2.25,
preservation of binary products is equivalent to the statement that the canonical map N(2D¢) —
N(D)N€ involving nerves of categories is an isomorphism. On n-simplices, this is defined by un-
currying, which is bijection since Cat is cartesian closed. O

LEMMA 1.3.10. The functor h: sSet — Cat preserves finite products.

PROOF. We have a canonical comparison functor from the homotopy category of the products
to the product of the homotopy categories. It follows from Definition 1.3.7 and Lemma 1.3.8 that
this is an isomorphism on underlying quivers, which suffices. O

DEFINITION 1.3.11 (isomorphism in a quasi-category). A 1l-simplex in a quasi-category is an
isomorphism'! just when it represents an isomorphism in the homotopy category. By Lemma
1.3.8 this means that f: a — b is an isomorphism if and only if there exists a 1-simplex f~': b — a
together with a pair of 2-simplices

11Joya1 refers to these maps as “isomorphisms” while Lurie refers to them as “equivalences.” We prefer, wherever
possible, to use the same term for co-categorical concepts as for the analogous 1-categorical ones.
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The properties of the isomorphisms in a quasi-category are somewhat technical to prove and
will likely be a pain to formalize (see [RV22, §D]). Here we focus on a few essential results, which
are more easily obtainable.

DEFINITION 1.3.12. The homotopy coherent isomorphism [, is the nerve of the free-living
isomorphism.

Just as the arrows in a quasi-category A are represented by simplicial maps 2 — A whose domain
is the nerve of the free-living arrow, the isomorphisms in a quasi-category can be represented by
diagrams | — A whose domain is the homotopy coherent isomorphism:

PrOPOSITION 1.3.13. An arrow f in a quasi-category A is an isomorphism if and only if it
extends to a homotopy coherent isomorphism

2L>A

i
-
-
-
.
.

-

[

REMARK 1.3.14. If this result proves too annoying to formalize without the general theory of
“special-outer horn filling,” we might instead substitute a finite model of the homotopy coherent
isomorphism for l.

Quasi-categories define the fibrant objects in a model structure due to Joyal. We use the term
isofibration to refer to the fibrations between fibrant objects in this model structure, which admit
the following concrete description.

DEFINITION 1.3.15 (isofibration). A simplicial map f: A — B between quasi-categories is an
isofibration if it lifts against the inner horn inclusions, as displayed below-left, and also against
the inclusion of either vertex into the free-living isomorphism [.

Afln) —— A 1—— A
g A

[l [~k

Aln] —— B 1~—— B

To notationally distinguish the isofibrations, we depict them as arrows “—” with two heads.

We now introduce the weak equivalences and trivial fibrations between fibrant objects in the
Joyal model structure.

DEFINITION 1.3.16 (equivalences of quasi-categories). w=

A map f: A — B between quasi-categories is an equivalence if it extends to the data of a
“homotopy equivalence” with the free-living isomorphism [ serving as the interval: that is, if there
exist maps g: B — A,

A

/ Tew,

B
[
A2 A and —— B
[
B

0

L \

A
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We write “=” to decorate equivalences and A ~ B to indicate the presence of an equivalence
A>S B.

LEmMMA 1.3.17. If f: A — B is an equivalence of quasi-categories, then the functor hf: hA —
hB is an equivalence of categories, where the data displayed above defines an equivalence inverse
hg: hB — hA and natural isomorphisms encoded by the composite'? functors

hA —"2 h(Al) (hA)! hB —"2 h(B') —— (hB)'

DEFINITION 1.3.18. A map f: X — Y between simplicial sets is a trivial fibration if it admits
lifts against the boundary inclusions for all simplices

OAln] —— X

R
‘[ o :Lf for n 0

An] — Y
We write “Z»” to decorate trivial fibrations.'?
The notation “~»” is suggestive: the trivial fibrations between quasi-categories are exactly
those maps that are both isofibrations and equivalences. This can be proven by a relatively standard
although rather technical argument in simplicial homotopy theory [RV22, D.5.6].

1.4. Enriched limits

A simplicially enriched category—commonly called a “simplicial category” for short—is a cate-
gory that is enriched over the cartesian monoidal category of simplicial sets. We recall the definition,
which already exists in Mathlib.

DEFINITION 1.4.1 (simplicial categories as enriched categories). The data of a simplicial
category is a simplicially enriched category with a set of objects and a simplicial set A(z,y)
of morphisms between each ordered pair of objects. Each endo-hom space contains a distinguished
O-simplex id,, € A(z,y),, and composition is required to define a simplicial map

Ay, z) x Az, y) —— Az, z)

The composition is required to be associative and unital, in a sense expressed by the commutative
diagrams of simplicial sets

Ay, z) x A(z,y) X Alw, x) oxid Az, z) x A(w, ) Az, y) % Ay, y) x Az, y)
idxol l idxidml \ l
A(y72) X A(“’ﬂ y) T TE— A(w7 Z) "4($7y) X A(.%‘,LL‘) T e— /l(x,y)

DEFINITION 1.4.2. For each n > 0, an n-simplex in A(x,y) is referred to as an n-arrow from
x to y.

LEMMA 1.4.3. For any simplicial category A and n > 0, the n-arrows assemble into the arrows
of an ordinary category A, with the same set of objects as A.

12Note that h(A")  (hA)! in general. Objects in the latter are homotopy classes of isomorphisms in A, while
objects in the former are homotopy coherent isomorphisms, given by a specified 1-simplex in A, a specified inverse
1-simplex, together with an infinite tower of coherence data indexed by the nondegenerate simplices in [.

13please help us find an html friendly version of this symbol.
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PROOF. The category of n-arrows is easy to construct directly. Alternatively, this result can
be proven by applying the theory of change-of-base of §1.6 to the functor ev,,: sSet — Set. O

In particular, the underlying category of a simplicial category can be identified with the category
of 0-arrows. Below we link the general Mathlib construction of the underlying category of an
enriched category, though it might be useful to formalize a lemma characterizing it in the way
stated here.

DEFINITION 1.4.4. The category A, of 0-arrows is the underlying category of the simplicial
category A, which forgets the higher dimensional simplicial structure.

There is alternate presentation of the data of a simplicial category as a simplicial object in the
category of categories and identity-on-objects functors.*

DIGRESSION 1.4.5 (simplicial categories as simplicial objects). A simplicial category A is
equivalently given by categories A,, with a common set of objects and whose arrows are called
n-arrows, that assemble into a diagram A°P — Cat of identity-on-objects functors

— .53 —>
— 02— — .52 —
— .52 N — gl — — 51—
"'-/43 (7-0'17 -/42 7514> ﬂl H-o’of -/40 ::-/4
-5 — 00— — 60—
— o0 — — .50 —
— .50 —

By contrast, the notion of simplicially enriched limit remains to be formalized. Fortunately, we
do not (immediately) require the general notion of weighted limits, as the notion of an co-cosmos
only requires two special cases: cotensors and conical limits.

DEFINITION 1.4.6 (simplicial cotensors). Let A be a simplicial category. The cotensor of an
object A € A by a simplicial set U is given by the data of an object AV € A together with a cone
U — A(AY, A) so that the induced map defines an isomorphism of simplicial sets:

(1.4.7) A(X,AV) = A(X, AV

Note by construction the isomorphism (1.4.7) is automatically simplicially natural in X. This
simplicial naturality is an important aspect of the enriched universal property.

DEFINITION 1.4.8 (simplicial cotensors). A simplicial category A has cotensors when all
cotensors exist.

LEMMA 1.4.9. When a simplicial category has cotensors, cotensors are associative: given A € A
and simplicial sets U and V there are canonical isomorphisms

(AU)V o~ AU><V o~ (AV)U'

PROOF. By the enriched Yoneda lemma, these objects represent the same simplicial functors
AP — sSet. O

LEMMA 1.4.10. Assuming such objects exist, the simplicial cotensor defines a bifunctor

sSet°P x A —— A

(U, A) —— AY

14The phrase “simplicial object in Cat” is reserved for the more general yet less common notion of a diagram
A°P — Cat that is not necessarily comprised of identity-on-objects functors.
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in a unique way making the isomorphism (1.4.7) natural in U and A as well.

Proor. Functoriality in each variable follows from the universal property. O

The other simplicial limit notions postulated by axiom 1.5.1i are conical, which is the term
used for ordinary 1-categorical limit shapes that satisfy an enriched analog of the usual universal
property. Such limits also define limits in the underlying category, but the usual universal property
is strengthened.

DEFINITION 1.4.11 (simplicial conical limits). Consider a limit cone (lim;c; A; — A;);c; in
the underlying category A, of a simplicially-enriched category A. By applying the covariant rep-
resentable functor A(X,—): Ay — sSet to a limit cone (lim;c; A; — A;);c; in Ay, we obtain a
natural comparison map

(1.4.12) AX,limA,) = lim A(X, A,).
jeg jeJ J

We say that lim;c ; A; defines a simplicially enriched limit if and only if (1.4.12) is an isomor-
phism of simplicial sets for all X € A.

REMARK 1.4.13. For Mathlib, these conical limits have been defined more generally for enriched
ordinary categories over arbitrary monoidal categories.

1.5. co-Cosmoi

There are a variety of models of infinite-dimensional categories for which the category of “oo-
categories,” as we call them, and “oco-functors” between them is enriched over quasi-categories and
admits classes of isofibrations, equivalences, and trivial fibrations satisfying certain properties that
are familiar from abstract homotopy theory.'® In particular, the use of isofibrations in diagrams
guarantees that their strict limits are equivalence invariant, so we can take advantage of up-to-
isomorphism universal properties and strict functoriality of these constructions while still working
“homotopically.” This motivates the following axiomatization:

DEFINITION 1.5.1 (oo-cosmos). An oo-cosmos X is a category that is enriched over quasi-
categories,'® meaning in particular that

e its morphisms f: A — B define the vertices of a quasi-category denoted Fun(A, B) and
referred to as a functor space,

that is also equipped with a specified collection of maps that we call isofibrations and denote by
“—” satisfying the following two axioms:

(i) (completeness) The quasi-categorically enriched category X possesses a terminal object,
small products, pullbacks of isofibrations, limits of countable towers of isofibrations, and
cotensors with simplicial sets, each of these limit notions satisfying a universal property
that is enriched over simplicial sets.'”

5More specifically, these classes form a category of fibrant objects a la Brown [Bro73].
16This is to say X is a simplicially enriched category (see Definition 1.4.1) whose hom spaces are all quasi-
categories.

" This is to say, these are simplicially enriched limit notions, in the sense described in Definitions 1.4.6 and
1.4.11.
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(ii) (isofibrations) The isofibrations contain all isomorphisms and any map whose codomain
is the terminal object; are closed under composition, product, pullback, forming inverse
limits of towers, and Leibniz cotensors with monomorphisms of simplicial sets; and have
the property that if f: A — B is an isofibration and X is any object then Fun(X, A) —»
Fun(X, B) is an isofibration of quasi-categories.

For ease of reference, we refer to the simplicially enriched limits of diagrams of isofibrations
enumerated in i as the cosmological limit notions.

DEFINITION 1.5.2. In an oco-cosmos X', a morphism f: A — B is an equivalence just when the
induced map f,: Fun(X, A) = Fun(X, B) on functor spaces is an equivalence of quasi-categories
for all X € X.

DEFINITION 1.5.3. In an co-cosmos X', a morphism f: A — B is a trivial fibration just when
f is both an isofibration and an equivalence.

These classes are denoted by “=” and “Z»”, respectively.'®
Put more concisely, one might say that an co-cosmos is a “quasi-categorically enriched category
of fibrant objects.”

CONVENTION 1.5.4 (co-category, as a technical term). Henceforth, we recast co-category as a
technical term to refer to an object in an arbitrary ambient co-cosmos. Similarly, we use the term
oo-functor — or more commonly the elision “functor” — to refer to a morphism f: A — B in an
oo-cosmos. This explains why we refer to the quasi-category Fun(A, B) between two co-categories
in an oo-cosmos as a “functor space”: its vertices are the (oco-)functors from A to B.

DEFINITION 1.5.5. The underlying category X'y of an oco-cosmos X is the category whose
objects are the co-categories in X and whose morphisms are the 0-arrows, i.e., the vertices in the
functor spaces.

In all of the examples to appear in §1.7, this recovers the expected category of oco-categories
in a particular model and functors between them. This is compatible with the Lean formalization
of simplicial categories as “enriched ordinary categories,” which have a prior 1-category structure
which is explicitly identified with the underlying 1-category of the simplicially enriched category.

The following results are consequences of the axioms of Definition 1.5.1. To begin, observe that
the trivial fibrations enjoy the same stability properties satisfied by the isofibrations.

LEMMA 1.5.6 (trivial fibrations and conical limits). The trivial fibrations in an co-cosmos define
a subcategory containing the isomorphisms and are stable under product, pullback, and forming
inverse limits of towers.

PROOF. We know in each case that the maps in question are isofibrations in the co-cosmos; it
remains to show only that the maps are also equivalences. The equivalences in an co-cosmos are
defined to be the maps that Fun(X, —) carries to equivalences of quasi-categories, so it suffices to
verify that trivial fibrations of quasi-categories satisfy the corresponding stability properties. These
stability properties hold of any class defined by a right lifting property. O

LEMMA 1.5.7 (trivial fibrations and cotensors). In an co-cosmos, the Leibniz cotensors of any
trivial fibration with a monomorphism of simplicial sets is a trivial fibration as is the Leibniz cotensor
of an isofibration with a map in the class cellularly generated by the inner horn inclusions and the
map 1 < [.

18please help us find an html friendly version of the trivial fibration symbol.
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PROOF. We know in each case that the maps in question are isofibrations in the co-cosmos; it
remains to show only that the maps are also equivalences. The equivalences in an co-cosmos are
defined to be the maps that Fun(X, —) carries to equivalences of quasi-categories, so it suffices to
verify that trivial fibrations of quasi-categories satisfy the corresponding stability properties. This
follows from the cartesian closure of the Joyal model structure. ]

LEMMA 1.5.8 (representable trivial fibrations). If E =% B is a trivial fibration in an 0o-cosmos,
then is Fun(X, E) = Fun(X, B) is a trivial fibration of quasi-categories.

PRrROOF. By axiom 1.5.1ii and the definition of the trivial fibrations in an co-cosmos, we know
that if E =» B is a trivial fibration then Fun(X, E) = Fun(X, B) is both an isofibration and an
equivalence, and hence is a trivial fibration by the compatibility of these classes in the Joyal model
structure. 0

By a Yoneda-style argument, the “homotopy equivalence” characterization of the equivalences
in the oo-cosmos of quasi-categories of Definition 1.3.16 extends to an analogous characterization
of the equivalences in any co-cosmos:

LEMMA 1.5.9 (equivalences are homotopy equivalences). A map f: A — B between co-categories
in an co-cosmos K is an equivalence if and only if it extends to the data of a “homotopy equivalence”
with the free-living isomorphism | serving as the interval: that is, if there exist maps g: B — A

A B
/NT VNT
A2 A and B L. p

k%ﬁl \%evl

PROOF. By hypothesis, if f: A — B defines an equivalence in the oo-cosmos X then the
induced map on post-composition f,: Fun(B, A) = Fun(B, B) is an equivalence of quasi-categories
in the sense of Definition 1.3.16. Evaluating the inverse equivalence g: Fun(B, B) = Fun(B, A)
and homotopy J: Fun(B, B) — Fun(B, B)" at the O-arrow idg € Fun(B, B), we obtain a 0-arrow
g: B — A together with an isomorphism §: | — Fun(B, B) from the composite fg to idg. By the
defining universal property of the cotensor (1.4.7), this isomorphism internalizes to define the map
B: B — B'in X displayed on the right of the displayed equation in the statement.

Now the hypothesis that f is an equivalence also provides an equivalence of quasi-categories
f.: Fun(A, A) = Fun(4, B), and the map Bf: A — B! represents an isomorphism in Fun(A4, B)
from fgf to f. Since f, is an equivalence, we conclude from Lemma 1.3.17 that id4 and ¢f are
isomorphic in the quasi-category Fun(A, A): explicitly, such an isomorphism may be defined by

in the 0o-cosmos.

applying the inverse equivalence h: Fun(A, B) — Fun(A, A) and composing with the components
at id 4, gf € Fun(A, A) of the isomorphism a&: Fun(A, A) — Fun(A, A)" from idg,q4 4) to hf.. Now
by Proposition 1.3.13 this isomorphism is represented by a map | — Fun(A, A) from id, to g¢f,
which internalizes to a map a: A — A' in X displayed on the left of the displayed equation in the

statement.
The converse is easy: the simplicial cotensor construction commutes with Fun(X,—), so a
homotopy equivalence induces a homotopy equivalence of quasi-categories as in Definition 1.3.16.
O
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LEMMA 1.5.10. The equivalences in an oo-cosmos are closed under retracts and satisfy the
2-of-3 property: given a composable pair of functors and their composite, if any two of these are
equivalences so is the third.

By the representable definition of equivalences and functoriality, Lemma 1.5.10 follows easily
from the corresponding results for equivalences between quasi-categories. But we can also prove
the general cosmological result without relying on this base case.

PROOF. Let f: A = B be an equivalence equipped with the data described in the statement
of Lemma 1.5.9 and consider a retract diagram

C—=A—C0
hJ{ fJ{fv J{h
D—=+B—15D

By Lemma 1.5.9, to prove that h: C' — D is an equivalence, it suffices to construct the data of an
inverse homotopy equivalence. To that end define k: D — C to be the composite vgs and then
observe from the commutative diagrams

C
k / X‘
A—=C A——B — 5D
/ Tev(, | }vo Tg Tevo Tevo
o RNy - SN Ny DB L.p_t,p
hi fl , le"l levl \ levl levl
s v D

that v'au: C — C' and t'Bs: D — D' define the required homotopy coherent isomorphisms.

Via Lemma 1.5.9, the 2-of-3 property for equivalences follows from the fact that the set of
isomorphisms in a quasi-category is closed under composition. Homotopy coherent isomorphisms
in a quasi-category represent isomorphisms in the homotopy category, whose composite in the
homotopy category is then an isomorphism, which can be lifted to a representing homotopy coherent
isomorphism by Proposition 1.3.13. We now apply this to the homotopy coherent isomorphisms in
the functor spaces of an co-cosmos that form part of the data of an equivalence of co-categories.

To prove that equivalences are closed under composition, consider a composable pair of equiv-
alences with their inverse equivalences
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The equivalence data of Lemma 1.5.9 defines isomorphisms «: id4 = kf € Fun(4, A) and v: idg =
hg € Fun(B, B), the latter of which whiskers to define kvyf: kf = khgf € Fun(B, B). Compos-
ing these, we obtain an isomorphism id, = khgf € Fun(A, A), witnessing that kh defines a left
equivalence inverse of gf. The other isomorphism is constructed similarly.

To prove that the equivalences are closed under right cancelation, consider a diagram

¢
f/\g
AT>B—>O

k

with £ an inverse equivalence to f and £ and inverse equivalence to gf. We claim that f¢ defines an
inverse equivalence to g. One of the required isomorphisms id, = gf¥ is given already. The other
is obtained by composing three isomorphisms in Fun(B, B)

idy 2 1k L2 peg i 295 fug.

The proof of stability of equivalence under left cancelation is dual. O

The trivial fibrations admit a similar characterization as split fiber homotopy equivalences.

LEMMA 1.5.11 (trivial fibrations split). Every trivial fibration admits a section

s 7 i
5.0 ~|p
B=——=R8H
that defines a split fiber homotopy equivalence

(idg,sp)

— . T

E——E —$ ExE

(evg,evy)
Pl p”l

i
BTB

and conversely any isofibration that defines a split fiber homotopy equivalence is a trivial fibration.

PROOF. If p: E =% B is a trivial fibration, then by the stability property of Lemma 1.5.8, so is
p,: Fun(X, E) = Fun(X, B) for any co-category X. By Definition 1.3.18, we may solve the lifting
problem below-left

0 = OA[0] — Fun(B, E) 141 2P pun(E, E)

to find a map s: B — FE so that ps = idp, and then solve the lifting problem above-right to
construct the desired fibered homotopy. The converse is immediate from Lemma 1.5.9. (|

A classical construction in abstract homotopy theory proves the following;:
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LEMMA 1.5.12 (Brown factorization lemma). Any functor f: A — B in an co-cosmos may be
factored as an equivalence followed by an isofibration, where this equivalence is constructed as a

section of a trivial fibration.

A —_— B
Moreover, f is an equivalence if and only if the zsoﬁbmtwn p is a trivial fibration.

PRrROOF. The displayed factorization is constructed by the pullback of an isofibration formed
by the simplicial cotensor of the inclusion 1 4+ 1 < [ into the co-category B.

Aﬂ
% \
A= Pf B!

AXBWBXB

Note the map ¢ is a pullback of the trivial fibration ev,: B' = B and is hence a trivial fibration.
Its section s, constructed by applying the universal property of the pullback to the displayed cone
with summit A, is thus an equivalence by the 2-of-3 property. Again by 2-of-3, it follows that f is
an equivalence if and only if p is. |

REMARK 1.5.13 (equivalences satisfy the 2-of-6 property). In fact the equivalences in any oo-
cosmos satisfy the stronger 2-of-6 property: for any composable triple of functors

if gf and hg are equivalences then f, g, h, and hgf are too. An argument of Blumberg and Mandell
[BM11, 6.4] uses Lemmas 1.5.10, 1.5.11, and 1.5.12 to prove that the equivalences have the 2-of-6

property.

1.6. Change of base

“Change of base,” first considered by Eilenberg and Kelly in [EK66], refers to a systematic
procedure by which enrichment over one category V is converted into enrichment over another
category W. This will be applied in §1.8 to convert an co-cosmos into a simpler structure. For a
cartesian closed category V, there is a 2-category V-Cat of V-categories, V-functors, and V-natural
transformations. The first main result, appearing as Proposition 1.6.4, gives conditions under
which a functor T': VV — W between cartesian closed categories induces a change-of-base 2-functor
T.: V-Cat — W-Cat.
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As the context we are working in here is less general than the one considered by Eilenberg
and Kelly — our base categories are cartesian closed while theirs are closed symmetric monoidal
— we take a shortcut which covers all of our examples and is easier to explain. In general, all
that is needed to produce a change of base 2-functor is a laz monoidal functor between symmetric
monoidal categories, but the lax monoidal functors we encounter between cartesian closed categories
are in fact finite-product-preserving, so we content ourselves with explicating the results in that
case instead.

However, lax monoidal functors exist in Mathlib already, so we briefly recall the definition.

DEFINITION 1.6.1. A (lax) monoidal functor between cartesian closed categories V and W
is a functor T: V — W equipped with natural transformations

Vxy L owxw 1—15p
| [ S
Vﬁw w

so that the evident associativity and unit diagrams commute.

Except in a special case that we now introduce, the maps ¢ and ¢, are to be regarded as part
of the structure of a lax monoidal functor, rather than a property the functor T enjoys.

Recall that a functor T: V — W between cartesian closed categories preserves finite prod-
ucts just when the natural maps defined for any u,v € V

T(uxv) = TuxTv and T1 =1

are isomorphisms. These maps satisfy the duals of the coherence conditions mentioned in Definition
1.6.1 and make T into a strong monoidal functor between the cartesian closed categories V and
W. The inverse isomorphisms then provide the structure maps of Definition 1.6.1.

For example:

ExXAMPLE 1.6.2. Since representable functors preserve products, for any cartesian closed cate-
gory V, the underlying set functor (—),: V — Set is product-preserving

EXAMPLE 1.6.3. In a cartesian closed category V, finite products distribute over arbitrary
coproducts. In particular, for any sets X and Y there is an isomorphism

My, oyl = (Ix1) x (Iy1)
between coproducts of the terminal object 1, which proves that the functor
i
Set — v
is finite-product-preserving.
A finite-product-preserving functor may be used to change the base as follows:

PROPOSITION 1.6.4. A finite-product-preserving functor T: V — W between cartesian closed
categories induces a change-of-base 2-functor

V-Cat —s W-Cat .

PROOF. Let € be a V-category and define a W-category T,C to have the same objects and to
have mapping objects T,C(x,y) := TC(x,y). The composition and identity maps are given by the
composites
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o

TC(y, 2) x TC(z,y) = T(Cly,2) x Clz,y)) L3 TC(z,2) 1= T1 "% T¢(x, )

which make use of the inverses of the natural maps that arise when a finite-product-preserving
functor is applied to a finite product. A straightforward diagram chase verifies that T,C is a W-
category.

If F: ¢ — D is a V-functor, then we define a W-functor T, F': T,C — T,2D to act on objects by
¢ € C+ Fc e D and with internal action on arrows defined by

TF
TC(x,y) —= TD(Fz, Fy)

Again, a straightforward diagram chase verifies that T, F' is W-functorial. It is evident from this
definition that T,(GF) =T,G - T,F.

Finally, let a: F' = G be a V-natural transformation between V-functors F,G: € — D and
define a W-natural transformation T,«: T,F = T,G to have components

1 —=5 T1 2 TD(Fe, Ge)

Another straightforward diagram chase verifies that T,« is W-natural.

It remains to verify this assignment is functorial for both horizontal and vertical composition
of enriched natural transformations. The component of T,(5 - «) is defined by the top-horizontal
composite below while the component of the vertical composite of T, with T,3: T,.G = T, H is
defined by the bottom composite:

1 —= 5 11 2020 p(D(Ge, He) x D(Fe,Ge)) —Ls TD(Fe, He)

; ;

T1x Tl 5= TD(Ge, He) x TD(Fe,Ge)

IR

The square commutates by the naturality of the isomorphism T'(u x v) = T'u x T'v, while the triangle
commutes because 1 is terminal, so the inverses of the displayed isomorphisms form a commutative
triangle. The argument for functoriality of horizontal composites is similar. O

An early observation along these lines was first stated as [EK66, 11.6.3], with the proof left to
the reader. We adopt the same tactic and leave the diagram chases to the reader or to [Cru08,
4.2.4] and instead just give the construction of the change-of-base 2-functor, which is the important
thing. The construction of a W-category T,C from a V-category € exists in Mathlib in the more
general setting of a lax monoidal functor 7', but change of base for enriched functors or natural
transformations has not been formalized.

REMARK 1.6.5. In fact, the “change of base” procedure V + V-Cat is itself a 2-functor from the
2-category of cartesian closed categories, finite-product-preserving functors, and natural transfor-
mations to the 2-category of 2-categories, 2-functors, and 2-natural transformations. See [Cru08,
§4.3] for a discussion and proof.

As an immediate consequence of the 2-functoriality of Remark 1.6.5:

PROPOSITION 1.6.6. Any adjunction between cartesian closed categories whose left adjoint pre-
serves finite products induces a change-of-base 2-adjunction
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F K,
VLW w VCat L > W-Cat
U U,

PROOF. Of course right adjoints always preserve products, so the adjoint pair of functors F 4 U
defines an adjunction in the 2-category of cartesian closed categories and finite-product-preserving
functors described in Remark 1.6.5. The 2-functor V + V-Cat then carries the adjunction displayed
on the left to the adjunction displayed on the right. O

As a special case we have a free-forgetful adjunction between Cat and V-Cat. Some pieces of
this are in the enriched categories folder of Mathlib.

DEFINITION 1.6.7. The category A, of O0-arrows is the underlying category of the simplicial
category A, which forgets the higher dimensional simplicial structure.

In light of Proposition 1.6.6 and results to follow, an adjunction between cartesian closed
categories whose left adjoint preserves finite products provides a change-of-base adjunction.
While Proposition 1.6.6 permits the change of base along either adjoint of a finite-product-preserving
adjunction, the next series of results reveal that change of base along the right adjoint is somewhat
better behaved.

LEMMA 1.6.8. Any adjunction comprised of finite-product-preserving functors between cartesian
closed categories

F F
VLW w VL ZUW
U U

defines a V-enriched adjunction between the V-categories V and UW; i.e., there exists a V-natural
isomorphism UW(Fv,w) = V(v, Uw).

ProoOF. The internal action U, ,: UW(a,b) — V(Ua,Ub) of the V-functor U: UW — V is
defined by the transpose of the map Uev: UW/(a,b) x Ua — Ub defined by applying U to the counit
of the cartesian closure adjunction of W. The V-functoriality of this map follows from naturality
of evaluation in a cartesian closed category.

By the V-functoriality of U: UW — V, the map

UW(Fv,w) Trv, V(UFv,Uw) —2 V(v, Uw)

is V-natural in w € U, W for all v € V. By a general result about enriching adjoints, to construct a
compatible V-enrichment of F', we need only demonstrate that this map in an isomorphism in V.
We do this by constructing an explicit inverse, namely

V{0, Uw) —s UFV(v, Uw) 8 UW(Fo, FUw) <22 UW(Fu, w)

where the middle map is defined by applying the unenriched functor U to the action map from the
W-functor F': F,V — W, which is defined similarly to the V-functor U: UW — V.

The proof that these maps are inverses involves a pair of diagram chases, the first of which
demonstrates that the top-right composite reduces to the left-bottom composite, which is the iden-
tity:
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U(F, €, o—
Vo, Uw) —s UFV(v, Uw) % 0w (Fo, FUw) 2" UW(Fv, w)
TUB, lUpv,mw lUF
s U

V(UFv,UFUw) =% V(UFv, Uw)

- =

V(0, UFUw) —<"" s V(v, Uw)

The only subtle point is the commutativity of the trapezoidal region, which expresses the fact
that n: idy, = UF is a closed natural transformation between product-preserving functors between
cartesian closed categories. This region commutes because the transposed diagram does:

V(v,Uw) x v =——=—= V(v,Uw) x v —=— Uw

nxnvl nl lﬁwu

UFV(v,Uw) x UFv —— UF(V(v,UW) x v) ZE% UFUw

the right-hand square by naturality, and the left-hand square because any naturally transformation
between product-preserving functors is automatically a monoidal natural transformation. The other
diagram chase is similar. (|

PROPOSITION 1.6.9. Given an adjunction between cartesian closed categories

F
v w
U

whose left adjoint preserves finite products then if C is co/tensored as a W-category, U,C is
co/tensored as V-category with the co/tensor of ¢ € € by v € V defined by
v®c:=Fov®c and ¢ = v,

PROOF. Suppose € admits cotensors as a W-category. To verify that U,C admits cotensors as
a V-category we must supply an isomorphism

UC(x,cfv) = (UC(z,c))”

in V that is V-natural in z. By the enriched Yoneda lemma, we can extract this isomorphism from
an isomorphism

V(u,UC(z,c™)) 2= V(u, (UC(z,c))")
that is V-natural in u € V. To that end, by composing the V-natural isomorphisms of Lemma 1.6.8,
the enriched natural isomorphisms arising from the cartesian closed structure on ¥V and on U W,
and the isomorphisms that characterize the cotensor on € and express the fact that F' preserves
binary products, we have:

V(u,UC(x,ct?)) =2 UW(Fu,C(z,cf")) =2 UW(Fu,C(z,c)?)
~ UW(Fu x Fv,C(z,c)) 2 UW(F(u x v),C(z,c))
= V(uxv,UC(x,c)) = V(u, (UC(z,c))?). O
This theory of change of base is all well and good from the compound noun perspective on

enriched categories, but an additional concern arises from the adjectival point of view. If the finite-
product-preserving functor 7: V — W commutes with the underlying set functors for ¥V and W up
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to natural isomorphism, then by the 2-functoriality of Remark 1.6.5, the change-of-base 2-functor
T,: V-Cat — W-Cat also preserves the underlying categories up to natural isomorphism. This
happens in particular in the following setting.

LEMMA 1.6.10. The change-of-base 2-functor induced by a finite-product-preserving functor
T:V — W between cartesian closed categories preserves underlying categories, if and only if, for
each v € V the composite function on hom-sets

V(1,v)y —— W(T1,Tv), —= W(1,Tv),
is a bijection.

PROOF. The displayed function defines the component at v € V of the unique monoidal natural
transformation from the underlying set-functor for V to the composite of T" with the underlying set
functor for W. By the 2-functoriality of Remark 1.6.5, if it defines a monoidal natural isomorphism,
then it induces a 2-natural isomorphism between the underlying category 2-functor (—),: V-Cat —
Cat and the composite of the change-of-base 2-functor T, : V-Cat — W-Cat with the underlying
category 2-functor (—),: W-Cat — Cat.

Conversely, this condition is necessary for the underlying category of the W-category T,V to
coincide with the underlying category of the cartesian closed category V. |

One situation in which the condition of Lemma 1.6.10 is automatic is when the lax monoidal
functor is the right adjoint of a monoidal adjunction. The proof, originally given in [Kel74], is by
a short diagram chase.

LEMMA 1.6.11. Consider a finite-product-preserving adjunction between cartesian closed cate-
gories:
/EN
vo_.+L W
U

Then change of base along the right adjoint respects the underlying categories:

W-Cat — 2 V-Cat

m\ %)o
Cat

PROOF. Let € be a W category. Then the hom-set in the underlying category of U,C from x
to y is isomorphic to the corresponding hom-set

U.L(x,y)o = V(L,UC(2,y))o = W(F1,C(x,y))o = W(L,C(x,))y = C2,9)o

in the underlying category of € and moreover this isomorphism respects the composition and iden-
tities in the underlying categories. Thus €y = UC,,. A similar argument shows that change of base
along U respects underlying functors and natural transformations. ([l

The general theory of change-of-base will be applied in the following case the next section.
ExaMPLE 1.6.12. Both adjoints of the adjunction

h
sSet L > Cat

of Proposition 1.2.26 preserve finite products. Hence, Proposition 1.6.6 induces a change-of-base
adjunction defined by the 2-functors
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h,
sCat L % 2-Cat

that act identically on objects and act by applying the homotopy category functor or nerve func-
tor, respectively, on homs. The right adjoint, which builds a simplicially enriched category from a
2-category, respects the underlying category: the underlying category of objects and 1-cells is iden-
tified with the underlying category of objects and O-arrows. In this case, the functor h: sSet — Cat
commutes with the underlying set functors, so in fact both adjoints preserve underlying categories,
as is evident from direct computation. In particular, the homotopy 2-category of an oco-cosmos
has the same underlying 1-category. Since the nerve embedding is fully faithful, 2-categories can
be identified as a full subcategory comprised of those simplicial categories whose hom spaces are
nerves of categories.

1.7. Examples of co-cosmoi

We briefly tour a few examples of oco-cosmoi. The following theorem should be quite difficult
to formalize:

PROPOSITION 1.7.1 (the oco-cosmos of quasi-categories). The full subcategory QCat C sSet of
quasi-categories defines an co-cosmos in which the isofibrations, equivalences, and trivial fibrations
coincide with the classes already bearing these names.

PrOOF. The proof requires myriad combinatorial results about the class of isofibrations be-
tween quasi-categories. See [RV22, §D]. ]

Two further examples fit into a common paradigm: both arise as full subcategories of the oo-
cosmos of quasi-categories and inherit their co-cosmos structures from this inclusion (see Lemma
[RV22, 6.1.4]), but it is also instructive, and ultimately takes less work, to describe the resulting
oo-cosmos structures directly.

DEFINITION 1.7.2 (isofibrations of categories). An isofibration between categories is a functor
f+ A — B satisfying the displayed right lifting property for the inclusion of both endpoints of the
free-living isomorphism:

As the inclusion the domain of the free-living isomorphism is a retract of the inclusion of the
codomain, and vice versa, lifting against either endpoints implies lifting against both endpoints.

PROPOSITION 1.7.3 (the oo-cosmos of categories). The category Cat of 1-categories defines
an oo-cosmos whose isofibrations are the isofibrations. The equivalences are the equivalences of
categories and the trivial fibrations are surjective equivalences: equivalences of categories that
are also surjective on objects.

PRrOOF. It is well-known that the 2-category of categories is complete (and in fact also cocom-
plete) as a Cat-enriched category (see [Kel89]). The categorically enriched category of categories
becomes a quasi-categorically enriched category by applying the nerve functor to the hom-categories
(see §1.6). Since the nerve functor is a right adjoint, it follows formally that these 2-categorical
limits become simplicially enriched limits. In particular, as proscribed in Proposition 1.6.9, the
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cotensor of a category A by a simplicial set U is defined to be the functor category AM. This
completes the verification of axiom i.

Since the class of isofibrations is characterized by a right lifting property, the isofibrations are
closed under all of the limit constructions of 1.5.1ii except for the last two. For these, the Leibniz
closure subsumes the closure under exponentiation.

To verify that isofibrations of categories f: A — B are stable under forming Leibniz cotensors
with monomorphisms of simplicial sets i: U < V', we must solve the lifting problem below-left

15 AW hU x 1 UhUhV {204
-

j‘{ 7// J{h/i,?} ' hi?j\[ i

UWBWxWAhU hV><I]4>B

which transposes to the lifting problem above-right, which we can solve by hand. Here the map
defines a natural isomorphism between fs: hV — B and a second functor. Our task is to lift this to
a natural isomorphism ~ from s to another functor that extends the natural isomorphism « along
hi: hU — hV. Note this functor hi need not be an inclusion, but it is injective on objects, which is
enough.

We define the components of v by cases. If an object v € hV is equal to i(u) for some u € hU
define ;) := a,,; otherwise, use the fact that f is an isofibration to define v, to be any lift of the
isomorphism S, to an isomorphism in A with domain s(v). The data of the map v: hV x 1 — A also
entails the specification of the functor hV — A that is the codomain of the natural isomorphism -.
On objects, this functor is given by v - cod(,). On morphisms, this functor defined in the unique
way that makes v into a natural transformation:

(k:v =) by 0s(k) oy,

This completes the proof that Cat defines an oo-cosmos. Since the nerve of a functor category,
such as A', is isomorphic to the exponential between their nerves, the equivalences of categories
coincide with the equivalences of Definition 1.3.16. It follows that the equivalences in the co-cosmos
of categories coincide with equivalences of categories, and since the surjective equivalences are the
intersection of the equivalences and the isofibrations, this completes the proof. O

Similarly:

PROPOSITION 1.7.4 (the oo-cosmos of Kan complexes). The category Kan of Kan complezes
defines an co-cosmos whose isofibrations are the Kan fibrations: maps that lift against all horn
inclusions A¥[n] < Aln] forn >1 and 0 < k < n.

One of the key advantages of the co-cosmological approach to abstract category theory is that
there are a myriad varieties of “fibered” co-cosmoi that can be built from a given oco-cosmos, which
means that any theorem proven in this axiomatic framework specializes and generalizes to those
contexts. The most basic of these derived oco-cosmoi is the co-cosmos of isofibrations over a fixed
base, which we introduce now.

PROPOSITION 1.7.5 (sliced oo-cosmoi). For any co-cosmos K and any oco-category B € X there
is an co-cosmos X ;g of isofibrations over B whose

(i) objects are isofibrations p: E — B with codomain B
(ii) functor spaces, say from p: E — B to q: F — B, are defined by pullback
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Fung(p: E = B,q: F - B) — Fun(E, F)

Lk

1— 4 Fun(E,B)

and abbreviated to Fung(E, F) when the specified isofibrations are clear from context
(iii) isofibrations are commutative triangles of isofibrations over B

E———»F

NERL
B
(iv) terminal object is id: B —» B and products are defined by the pullback along the diagonal

xPE;, — I, E;

l ’ |m.

B—2T]B

(v) pullbacks and limits of towers of isofibrations are created by the forgetful functor Xip—%X
(vi) simplicial cotensor of p: E = B with U € sSet is constructed by the pullback

U+gp —— EY

I
B—%— BY
(vil) and in which a map over B

E—1 L F

NENL
B
is an equivalence in the oo-cosmos X /g if and only if f is an equivalence in X .

PROOF. The functor spaces are quasi-categories since axiom 1.5.1ii asserts that for any isofi-
bration ¢: F — B in X the map ¢,: Fun(E, F) — Fun(E, B) is an isofibration of quasi-categories.
Other parts of this axiom imply that each of the limit constructions — such as the products and
cotensors constructed in iv and vi — define isofibrations over B. The closure properties of the
isofibrations in X', follow from the corresponding ones in K. The most complicated of these is
the Leibniz cotensor stability of the isofibrations in X5, which follows from the corresponding
property in X, since for a monomorphism of simplicial sets i: X < Y and an isofibration r over B
as in iii above, the map 4 =5 r is constructed by pulling back {z,/—r\} along A: B — BY.

The fact that the above constructions define simplicially enriched limits in a simplicially en-
riched slice category are standard from enriched category theory. It remains only to verify that
the equivalences in the co-cosmos of isofibrations are created by the forgetful functor X',z — X.
Suppose first that the map f displayed in vii defines an equivalence in K. Then for any isofibration
s: A — B the induced map on functor spaces in X, is defined by the pullback:
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Fung(A, E) Fun(A, E)

R

Since f is an equivalence in X, the map f,: Fun(A, E) — Fun(A, F) is an equivalence, and so it
follows that the induced map on fibers over s is an equivalence as well.'”

For the converse implication, we appeal to Lemma 1.5.9. If f: E — F is an equivalence in
X, then it admits a homotopy inverse in X, 5. The inverse equivalence g: F' — E' also defines an
inverse equivalence in X and the required simplicial homotopies in X

E—5l-pp — E FL[I+Bq—>F”
are defined by composing with the top horizontal leg of the pullback defining the cotensor in
X 5. O
/B

Many, though not all, of the co-cosmoi we encounter “in the wild” satisfy an additional axiom:2°

DEFINITION 1.7.6 (cartesian closed oo-cosmoi). An oo-cosmos X is cartesian closed if the
product bifunctor — x —: X x X — X extends to a simplicially enriched two-variable adjunction

Fun(A x B,C) = Fun(A,CP) =~ Fun(B,C%)
in which the right adjoints (—)4: X — X preserve isofibrations for all A € X

For instance, the co-cosmos of quasi-categories is cartesian closed, with the exponentials defined
as (special cases of) simplicial cotensors. This is one of the reasons that we use the same notation
for cotensor and for exponential. Note in this case the functor spaces and the exponentials coincide.
The same is true for the cartesian closed co-cosmoi of categories and of Kan complexes. In general,
the functor space from A to B is the “underlying quasi-category” of the exponential B4 whenever
it exists.

1.8. The homotopy 2-category

Small 1-categories define the objects of a strict 2-category Cat of categories, functors, and
natural transformations. Many basic categorical notions — those defined in terms of categories,
functors, and natural transformations — can be defined internally to the 2-category Cat. This
suggests a natural avenue for generalization: reinterpreting these same definitions in a generic 2-
category using its objects in place of small categories, its 1-cells in place of functors, and its 2-cells
in place of natural transformations.

A significant portion of the theory of co-categories in any fixed co-cosmos can be developed by
following exactly this outline, working internally to a 2-category that we refer to as the homotopy 2-
category that we associate to any oo-cosmos. The homotopy 2-category of an co-cosmos is a quotient

9The stability of equivalences between isofibrations under pullback can be proven either as a consequence of
Lemmas 1.5.6 and 1.5.12 using standard techniques from simplicial homotopy theory or by arguing 2-categorically.

20Note7 however, that this axiom is not inherited by the sliced co-cosmoi of Proposition 1.7.5, which is one of
the reasons it was not included in Definition 1.5.1.
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of the full oco-cosmos, replacing each quasi-categorical functor space by its homotopy category.
Surprisingly, this rather destructive quotienting operation preserves quite a lot of information. This
said, we caution the reader against becoming overly seduced by homotopy 2-categories, which are
more of a technical convenience for reducing the complexity of our arguments than a fundamental
notion of co-category theory.

Paralleling our discussion of simplicial categories in Definition 1.4.1 and Digression 1.4.5, there
are two perspectives on the notion of a 2-category, which can be understood equally as:

(i) “two-dimensional” categories, with objects; 1-cells, whose boundary are given by a pair
of objects; and 2-cells, whose boundary are given by a parallel pair of 1-cells between
a pair of objects — together with partially defined composition operations governed by
this boundary data

(ii) or as categories enriched over Cat.

Both notions exist in Mathlib in some form. The notion i is called a strict bicategory and
is defined as a special case of a bicategory, in which the associators and unitors are identities
(converted into 2-cells). The general notion of enriched category can be specialized to the case
of enriching over the cartesian monoidal category of categories, but the connection between these
notions remains to be explored.

PROPOSITION 1.8.1. There is an equivalence between categories enriched in categories and strict
bicategories. In particular, each can be converted into the other.

The homotopy 2-category is most efficiently defined as a category enriched in Cat by applying
the theory of change-of-base developed in §1.6. The homotopy 2-category for the oo-cosmos of
quasi-categories was first introduced by Joyal in his work on the foundations of quasi-category
theory [Joy08].

DEFINITION 1.8.2 (homotopy 2-category). Let X be an oo-cosmos. Its homotopy 2-category
is the 2-category hX whose

e objects are the objects A, B of X, i.e., the co-categories;
e l-cells f: A — B are the 0-arrows in the functor space Fun(A4, B), i.e., the co-functors;

and
o 2-cells
Ay
A ez B

g
are homotopy classes of 1-simplices in Fun(A, B), which we call co-natural transfor-
mations.

Put another way hX is the 2-category with the same objects as X and with hom-categories defined

by

hFun(A, B) := h(Fun(A4, B)),

that is, hFun(A, B) is the homotopy category of the quasi-category Fun(A, B).

DEFINITION 1.8.3 (underlying category of a 2-category). The underlying category of a 2-

category is defined by simply forgetting its 2-cells. Note that an co-cosmos X and its homotopy
2-category hX share the same underlying category X of oo-categories and oo-functors in X'.

LEMMA 1.8.4. The underlying category of the homotopy 2-category of an co-cosmos is isomor-
phic to the underlying category of the co-cosmos.
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We elaborate on the connection between data in the homotopy 2-category and data in the
00-COSMOS.

LEMMA 1.8.5.
(i) Every 2-cell
f
AT B
g
in the homotopy 2-category of an co-cosmos is represented by a map of quasi-categories
as below-left or equivalently by a functor as below-right

1+l Ao g
S w (9.f) l/uol,pg)
2 Fun(4, B) B x B

and two such maps represent the same 2-cell if and only if they are homotopic as 1-
simplices in Fun(A, B).
(ii) Ewvery invertible 2-cell
f
A= B
g
in the homotopy 2-category of an co-cosmos is represented by a map of quasi-categories

as below-left or equivalently by a functor as below-right

1+l A . p
/ \ Ae (gvf)\ %171’0)
| = Fun(4,B) BxB

and two such maps represent the same invertible 2-cell if and only if their common
restrictions along 2 < | are homotopic as 1-simplices in Fun(A, B).

The notion of homotopic 1-simplices referenced here is defined in Lemma 1.2.20. Since the
2-cells in the homotopy 2-category are referred to as oo-natural transformations, we refer to the
invertible 2-cells in the homotopy 2-category as co-natural isomorphisms.

PROOF. The statement i records the definition of the 2-cells in the homotopy 2-category and
the universal property (1.4.7) of the simplicial cotensor. For ii, a 2-cell in the homotopy 2-category
is invertible if and only if it defines an isomorphism in the appropriate hom-category hFun(A, B).
By Proposition 1.3.13 it follows that each invertible 2-cell « is represented by a homotopy coherent
isomorphism «a: | — Fun(A, B), which similarly internalizes to define a functor "a™: A — B'. O

We now begin to relate the simplicially enriched structures of an co-cosmos to the 2-categorical
structures in its homotopy 2-category by proving that homotopy 2-categories inherit products from
their co-cosmoi that satisfy a 2-categorical universal property. To illustrate, recall that the terminal
oo-category 1 € X has the universal property Fun(X,1) = 1 for all X € X". Applying the homotopy
category functor we see that 1 € hX has the universal property hFun(X,1) = 1 for all X € hX,
which is expressed by saying that the co-category 1 defines a 2-terminal object in the homotopy
2-category. This 2-categorical universal property has both a 1-dimensional and a 2-dimensional
aspect. Since hFun(X,1) = 1 is a category with a single object, there exists a unique morphism
X — 1in X, and since hFun(X,1) = 1 has only a single morphism, the only 2-cells in hX with
codomain 1 are identities.
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PROPOSITION 1.8.6 (cartesian (closure)).

(i) The homotopy 2-category of any co-cosmos has 2-categorical products.
(ii) The homotopy 2-category of a cartesian closed oco-cosmos is cartesian closed as a 2-
category.

ProoOF. While the functor h: sSet — Cat only preserves finite products, the restricted functor
h: QCat — Cat preserves all products on account of the simplified description of the homotopy
category of a quasi-category given in Lemma 1.3.8. Thus for any set I and family of co-categories
(A;);er in X, the homotopy category functor carries the isomorphism of functor spaces to an
isomorphism of hom-categories

Fun(X,TT,., 4,) = II,., Fun(X, 4,) N hFun(X,TT,., 4,) = II,., hFun(X, 4,).

This proves that the homotopy 2-category hX has products whose universal properties have both
a 1- and 2-dimensional component, as described in the empty case for terminal objects above.

If X is a cartesian closed oo-cosmos, then for any triple of co-categories A, B,C € X there
exist exponential objects C4, CF € X characterized by natural isomorphisms

Fun(A x B,C) = Fun(A,CP?) = Fun(B,C*4).
Passing to homotopy categories we have natural isomorphisms
hFun(A x B, C) = hFun(A, C?) = hFun(B, C4),

which demonstrates that hX is cartesian closed as a 2-category: functors A x B — C transpose to
define functors A — C% and B — C4, and natural transformations transpose similarly. O

There is a standard definition of isomorphism between two objects in any 1-category, preserved
by any functor. Similarly, there is a standard definition of equivalence between two objects in any
2-category, preserved by any 2-functor:

DEFINITION 1.8.7 (equivalence). An equivalence in a 2-category is given by
e a pair of objects A and B;
e a pair of 1-cells f: A — B and g: B — A; and
e a pair of invertible 2-cells

fg
= T
AdbA and B\:\u_ﬂ/B

af
When A and B are equivalent, we write A ~ B and refer to the 1-cells f and g as equivalences,
denoted by “=

In the case of the homotopy 2-category of an oo-cosmos we have a competing definition of
equivalence from 1.5.1: namely a 1-cell f: A = B that induces an equivalence f,: Fun(X,A) =
Fun(X, B) on functor spaces — or equivalently, by Lemma 1.5.9, a homotopy equivalence defined
relative to the interval [. Crucially, all three notions of equivalence coincide:

THEOREM 1.8.8 (equivalences are equivalences). In any co-cosmos X, the following are equiv-
alent and characterize what it means for a functor f: A — B between oo-categories to define an
equivalence.

(i) For all X € X, the post-composition map f,: Fun(X, A) = Fun(X, B) defines an equiv-
alence of quasi-categories.
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(ii) There exists a functor g: B — A and natural isomorphisms a: id, = gf and 5: fg = idg

in the homotopy 2-category.
(iil) There exists a functor g: B — A and maps

/ NTevo

A—25 A and B

kggvl \N

&

evy

S

)

evy

$—

Sy

in the co-cosmos X .

As an illustrative comparison of 2-categorical and quasi-categorical techniques, rather than
appealing to Lemma 1.5.9 to prove i<iii, we re-prove it.

PROOF. For i=ii, if the induced map f,: Fun(X, A) = Fun(X, B) defines an equivalence of
quasi-categories then the functor f,: hFun(X, A) = hFun(X, B) defines an equivalence of cate-
gories, by Lemma 1.3.17. In particular, the equivalence f,: hFun(B, A) = hFun(B, B) is essentially
surjective so there exists g € hFun(B, A) and an isomorphism g: fg = idg € hFun(B, B). Now
since f,: hFun(A, A) = hFun(A, B) is fully faithful, the isomorphism 8f: fgf = f € hFun(A, B)
can be lifted to define an isomorphism a~1: gf == id, € hFun(4, A). This defines the data of a
2-categorical equivalence in Definition 1.8.7.

To see that ii=iii recall from Lemma 1.8.5 that the natural isomorphisms «:id, = gf and
B: fg=~idg in hK are represented by maps a: A — A’ and 3: B — B' in X as in Lemma 1.5.9.

Finally, iii=-i since Fun(X,—) carries the data of iii to the data of an equivalence of quasi-
categories as in Definition 1.3.16. O

It is hard to overstate the importance of Theorem 1.8.8 for the work that follows. The categorical
constructions that we introduce for oco-categories, co-functors, and co-natural transformations are
invariant under 2-categorical equivalence in the homotopy 2-category and the universal properties
we develop similarly characterize 2-categorical equivalence classes of co-categories. Theorem 1.8.8
then asserts that such constructions are “homotopically correct”: both invariant under equivalence
in the co-cosmos and precisely identifying equivalence classes of objects.

The equivalence invariance of the functor space in the codomain variable is axiomatic, but
equivalence invariance in the domain variable is not.?* Nor is it evident how this could be proven
from either i or iii of Theorem 1.8.8. But using ii and 2-categorical techniques, there is now a short
proof.

COROLLARY 1.8.9. FEquivalences of oo-categories A* = A and B = B’ induce an equivalence
of functor spaces Fun(A, B) = Fun(A’, B’).

PROOF. The representable simplicial functors Fun(A,—): X — QCat and Fun(—, B): X°P —
QCat induce 2-functors Fun(A4,—): hX — hOCat and Fun(—, B): hX°P — hOCat, which preserve
the 2-categorical equivalences of Definition 1.8.7. By Theorem 1.8.8 this is what we wanted to
show. ]

21The functor Fun(A, —) is a cosmological functor, preserving all of the structure of Definition 1.5.1. Cosmo-
logical functors then preserve a large class of cosmological notions, including equivalences. These results, however,
do not apply to Fun(—, B) since this functor is not cosmological.
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There is also a standard 2-categorical notion of an isofibration, defined in the statement of
Proposition 1.8.10. We now show that any isofibration in an co-cosmos defines an isofibration in
its homotopy 2-category.

PROPOSITION 1.8.10 (isofibrations are isofibrations). An isofibration p: E — B in an oco-
cosmos K also defines an isofibration in the homotopy 2-category HK : given any invertible 2-cell
as displayed below-left abutting to B with a specified lift of one of its boundary I-cells through p,
there exists an invertible 2-cell abutting to E with this boundary 1-cell as displayed below-right that
whiskers with p to the original 2-cell.

X -5 E X =1y 2E

@) lp = o lp
b B B

PROOF. The universal property of the statement says that the functor
p,: hFun(X, E) - hFun(X, B)

is an isofibration of categories in the sense defined in Proposition 1.7.3. By axiom 1.5.1ii, since
p: E — B is an isofibration in X, the induced map p,: Fun(X, E) — Fun(X, B) is an isofibration
of quasi-categories. So it suffices to show that the functor h: 9Cat — Cat carries isofibrations of
quasi-categories to isofibrations of categories.

So let us now consider an isofibration p: E —» B between quasi-categories. By Proposition
1.3.13, every isomorphism S in the homotopy category hB of the quasi-category B is represented
by a simplicial map §: | — B. By Definition 1.3.15, the lifting problem

1—5 FE
[ 27
I]T>B

can be solved, and the map +: | — E so produced represents a lift of the isomorphism from hB to
an isomorphism in hE with domain e. O

CONVENTION 1.8.11 (on isofibrations in homotopy 2-categories). Since the converse to Propo-
sition 1.8.10 does not hold, there is a potential ambiguity when using the term “isofibration” to
refer to a map in the homotopy 2-category of an co-cosmos. We adopt the convention that when
we declare a map in hX to be an isofibration we always mean this is the stronger sense of defining
an isofibration in XK. This stronger condition gives us access to the 2-categorical lifting property of
Proposition 1.8.10 and also to homotopical properties axiomatized in Definition 1.5.1, which ensure
that the strictly defined limits of 1.5.1i are automatically equivalence invariant constructions (see
[RV22, 6.2.8,§C.1)).

We conclude this chapter with a final definition that can be extracted from the homotopy
2-category of an oo-cosmos. The 1- and 2-cells in the homotopy 2-category from the terminal oco-
category 1 € X to a generic oo-category A € X define the objects and morphisms in the homotopy
category of the oco-category A.
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DEFINITION 1.8.12 (homotopy category of an co-category). The homotopy category of an
oo-category A in an co-cosmos X is defined to be the homotopy category of its underlying quasi-
category, that is:

hA := hFun(1, A) := h(Fun(1, A)).

As we shall discover, homotopy categories generally inherit “derived” analogues of structures
present at the level of co-categories.
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